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Abstract

In chemical exchange dependent saturation transfer imaging experiments, exchangeable solute protons are saturated and the
transfer of saturation to water is subsequently detected. When the applied irradiation power is comparable to the resonance fre-
quency difference between the water protons and saturated solute protons, the proton transfer (PT) efficiency is reduced due to con-
comitant direct saturation effects. In this study, the PT process is modeled using a two-pool system. An empirical general proton
transfer ratio (PTR) equation for arbitrary RF irradiation power is derived, and its optimal power to maximize the PTR is analyzed.
The results are confirmed experimentally on 4.7 T using a poly-L-lysine solution. The theory provides a useful tool for optimizing the
irradiation power of the PT sequences in the presence of direct saturation effects.
� 2005 Elsevier Inc. All rights reserved.
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1 Introduction

Although the study of chemical exchange processes
by NMR is one of the oldest NMR topics [1–6], it has
recently become of interest for several types of imaging
experiments. Based on the concept originally proposed
by Forsen and Hoffman [3] and using small molecules
in solution, Balaban et al. [7–9] demonstrated that the
proton transfer (PT) process between labile protons of
solutes and water protons provides a detection sensitiv-
ity enhancement mechanism, an approach dubbed
chemical exchange dependent saturation transfer
(CEST). The solute content and exchange-related prop-
erties can thus be imaged indirectly and at higher sensi-
tivity through the detection of the water signal. This
mechanism is also being proposed for the use in design-
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ing new MRI contrast agents [10–13], which has tremen-
dous applications in molecular and cellular imaging.
Recently, it was shown [14,15] that endogenous mobile
proteins and peptides in biological tissue could also be
detected in this way. In the amide proton transfer
(APT) imaging approach, the endogenous composite
amide resonance around 8.3 ppm is saturated and de-
tected indirectly to image tissue pH [14] or protein and
peptide content [15].

The simplest experimental scheme for the investiga-
tion of proton exchange processes is to apply continuous
low-power radiofrequency (RF) saturation (x1) on the
exchangeable solute protons and subsequently monitor
the transfer of saturation to water protons. If the ap-
plied RF field strength (in Hz) is negligible compared
to the frequency difference (Dx) between the solute res-
onance and water peak, the PT efficiency improves with
power and reaches a maximum, making optimization of
the RF irradiation power straightforward. The weak
saturation pulse assumption applies well to some
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paramagnetic CEST (PARACEST) agents [11–13] and
at high-magnetic fields used for high-resolution NMR
studies (e.g., 11.7 T) but only approximately at field
strengths commonly used for in vivo applications (1.5–
4.7 T). For the case of irradiation pulses at intermediate
strength or higher, the applied RF field can be compara-
ble to the frequency difference between the solute reso-
nance and water peak. In addition to saturation
transfer effects, there are concomitant direct saturation
effects on water protons (spillover effects [16–18]). As
the RF power increases, the saturation transfer effi-
ciency reaches its maximum while the spillover effects
continue to increase. Thus, there is an optimal RF irra-
diation power at which the measured PT ratio (PTR) is
maximized when both saturation transfer and spillover
effects are considered.

The Bloch equations extendedwith exchange terms be-
tween the solute and water protons are commonly used to
describe PT experiments. Even though a general solution
for a broad range of RF irradiation power is complicated
(see a comprehensive solution in the presence of the effects
of off-resonance saturation, cross-relaxation, and chemi-
cal exchange published by Kingsley and Monahan
[19,20]), concise results can be derived under certain
assumptions. For example, based on the complete satura-
tion of irradiated solute protons, the problem can be
solved readily [3]. However, complete saturation can be
obtained only under a very strong RF field; moreover,
the spillover effects andx1 termare excluded in the expres-
sion. Thus, the solution is not applicable to our studies.
Baguet and Roby [18,21] solved the Bloch equations for
a two-pool system using the so-called double base trans-
formation approach. For the strong saturation pulse case,
the problem is simplified because all magnetization com-
ponents perpendicular to corresponding effective fields
are negligible. The double base transformation provides
an effective way for studying the spillover effects. In this
paper, the solution of the strong saturation pulse approx-
imation is combined with that of the weak saturation
pulse case, as used in several previous papers [11–13,22],
and a reasonable approximation of an analytical solution
is obtained for the full range of irradiationRFpowers. Fi-
nally, the RF power at which PTR is maximal is derived
and analyzed.
2 Theory

2.1 General Bloch equations for two-site exchange

We consider a two-pool proton exchange model that
consists of a small pool for water-exchangeable solute
protons (S) and a large pool for bulk water protons
(W). Without loss of generality, it is assumed that the
RF field is applied along the x-axis. The Bloch equations
extended with exchange terms are then:
dMW
X

dt
¼ �R2WMW

X � DxWMW
Y þ kSWMS

X � kWSMW
X ; ð1Þ

dMW
Y

dt
¼DxWMW

X �R2WMW
Y þ kSWMS

Y � kWSMW
Y þx1MW

Z ;

ð2Þ

dMW
Z

dt
¼�x1MW

Y �R1WMW
Z þ kSWMS

Z � kWSMW
Z þR1WMW

0 ;

ð3Þ

dMS
X

dt
¼ �R2SMS

X � DxSMS
Y þ kWSMW

X � kSWMS
X ; ð4Þ

dMS
Y

dt
¼ DxSMS

X � R2SMS
Y þ kWSMW

Y � kSWMS
Y þ x1MS

Z ;

ð5Þ

dMS
Z

dt
¼ �x1MS

Y � R1SMS
Z þ kWSMW

Z � kSWMS
Z þ R1SMS

0 ;

ð6Þ
whereMW;S

X ;Y ;Z are theX,Y, andZ components of the mag-
netizations; MW;S

0 are the equilibrium magnetizations;
R1W,S and R2W,S are the longitudinal and transverse
relaxation rates, respectively; kSW and kWS are the
exchange rates of protons from pool S to poolW and vice
versa. When the spin system is at equilibrium, the
detailed balance relationship holds: kSWMS

0 ¼ kWSMW
0 .

In contrast with conventional magnetization transfer
(MT) experiments [23,24], in which the two relevant
pools (solid-like macromolecules and bulk water) can
be treated as having identical chemical shift and are dis-
tinguished only by relaxation parameters, the present
system consists of two proton pools with different
chemical shifts, dxW and dxS, and different relaxation
parameters. In addition, the transverse magnetization-
related exchange terms have been included in the equa-
tions here, whereas they have often been omitted for
the description of conventional MT [25,26] despite a
previous report [27] of possible contributions.

Magnetization transfer effects are usually assessed
using the so-called z-spectrum [28], in which the water
signal intensity is plotted as a function of saturation off-
set. Because direct water saturation effects are symmetric
with respect to the water resonance frequency, the spill-
over effects can be removed partially by a z-spectrum
asymmetry analysis [8,9]. In this analysis, the PTR is de-
fined as the difference of water signal intensities when
the irradiation pulses are applied at the exchangeable
solute proton frequency ðMW

satÞ and at a reference fre-
quency symmetrically at the opposite side of the water
resonance ðMW

refÞ, normalized by the measurement with-
out any saturation pulses ðMW

0 Þ:

PTR ¼ MW
ref �MW

sat

MW
0

. ð7Þ



P.Z. Sun et al. / Journal of Magnetic Resonance 175 (2005) 193–200 195
2.2 Strong saturation pulse case

Based on the notation used by Baguet and Roby
[18,21], the coupled Bloch equations for the two-pool
model in the new coordinates (X 0, Y 0, Z 0) can be written
as:

d

dt

MW
X 0

MW
Y 0

MW
Z0

MS
X 0

MS
Y 0

MS
Z0

0
BBBBBBBB@

1
CCCCCCCCA

¼
SW T S

TW SS

� �
�

MW
X 0

MW
Y 0

MW
Z0

MS
X 0

MS
Y 0

MS
Z0

0
BBBBBBBB@

1
CCCCCCCCA

þ

R1WMW
0 sin hW
0

R1WMW
0 cos hW

R1SMS
0 sin hS
0

R1SMS
0 cos hS

0
BBBBBBBB@

1
CCCCCCCCA
;

ð8Þ

where the matrix elements are defined as:

SW ¼
�ðr1Wsin2hWþ r2Wcos2hWÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

1þDx2
W

p
� sinhW coshWðr1W� r2WÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2
1þDx2

W

p
�r2W 0

� sinhW coshWðr1W� r2WÞ 0 �ðr2Wsin2hWþ r1Wcos2hWÞ

0
B@

1
CA;

ð9Þ

TW ¼ kWS

cosðhW � hSÞ 0 � sinðhW � hSÞ
0 1 0

sinðhW � hSÞ 0 cosðhW � hSÞ

0
B@

1
CA;

ð10Þ
and similarly for SS and TS. In these equations,
hW;S ¼ tan�1ð x1

DxW;S
Þ, r1W = R1W + kWS, r1S = R1S + kSW,

r2W = R2W + kWS, and r2S = R2S + kSW.
When the power of the applied saturation pulse (in

Hz) is much stronger than the relaxation and exchange
rates, all of the magnetizations perpendicular to the cor-
responding effective fields can be approximated to be
zero. Thus, Eq. (8) can be simplified to two equations
describing the magnetization components along their
corresponding effective field orientations. This greatly
reduces the complexity of the problem, and the steady-
state analytical solution for the water magnetization
can be shown to be:

MW
Z0 ¼

R1WRZS cos hW þ R1SkWS cos hS cosðhW � hSÞ
RZWRZS � kWSkSW cos2ðhW � hSÞ

MW
0 ;

ð11Þ
where RZW,S = r1W,Scos

2 hW,S + r2W,S sin
2 hW,S. When

the saturation pulse is followed by a crusher gradient,
an excitation pulse, and finally an acquisition period,
the measured signal is the magnitude of the magnetiza-
tion along the Z-axis:
MW
Z ¼ coshW

� R1WRZS coshWþR1SkWS coshS cosðhW� hSÞ
RZWRZS� kWSkSWcos2ðhW� hSÞ

MW
0 .

ð12Þ
If the irradiation pulses are applied on resonance on

the solute protons, hsatS ¼ p
2
and hsatW ¼ tan�1ðx1

DxÞ ¼ h.
Thus, the water magnetization can be simplified to be:

MW
sat ¼

R1Wr2S cos2h

rZWr2S � kWSkSW sin2h
MW

0 ; ð13Þ

in which rZW = r1Wcos2h + r2Wsin2h. For the reference
scan, the effective fields for the water and solute protons
are rotated by tilting angles hrefW ¼ tan�1ð�x1

Dx Þ ¼ �h and
hrefS ¼ tan�1ð�x1

2DxÞ � �h=2, respectively. The approxima-
tion in the expression of hrefS is readily met for the weak
and intermediate irradiation pulse cases, in which the
optimal power is usually much smaller than the chemical
shift difference between the solute andwater protons.As a
consequence, the PTR obtained through the double base
transformation approach is:

PTRstrong ¼ R1WrZS cos2hþ R1SkWS cos hcos2ðh=2Þ
rZWrZS � kWSkSW cos2ðh=2Þ

� R1Wr2S cos2h

rZWr2S � kWSkSW sin2h
; ð14Þ

in which rZS = r1Scos
2 (h/2) + r2S sin

2 (h/2).

2.3 Weak saturation pulse case

When the irradiation pulse is of very low power, the
spillover effects are generally negligible. In this case, the
set of six coupled Bloch equations for the two pools can
be approximated by four equations for the Y and Z

magnetization components:

dMW
Y

dt
¼ �R2WMW

Y þ kSWMS
Y � kWSMW

Y ; ð15Þ

dMW
Z

dt
¼ �R1WMW

Z þ kSWMS
Z � kWSMW

Z þ R1WMW
0 ; ð16Þ

dMS
Y

dt
¼ �R2SMS

Y þ kWSMW
Y � kSWMS

Y þ x1MS
Z ; ð17Þ

dMS
Z

dt
¼ �x1MS

Y � R1SMS
Z þ kWSMW

Z � kSWMS
Z þ R1SMS

0.

ð18Þ
When the duration of an irradiation pulse is long en-
ough, both pools can reach a steady state. The magneti-
zation for water protons along the z-axis is then [22]:

MW
sat ¼ 1� kWSa

r1W

� �
MW

0 ; ð19Þ

where a ¼ x2
1

pqþx2
1

, p ¼ r2S � kSWkWS

r2W
, and q ¼ r1S � kSWkWS

r1W
.

Because the spillover effects are assumed to be negligible
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for weak RF pulses, the reference measurement in the
asymmetry analysis is simply equal to its equilibrium

magnetization MW
0 . The PTR for the weak saturation

pulse case at steady state is therefore:

PTRweak ¼ kWSa
r1W

. ð20Þ
2.4 General RF saturation case

The solutions of the above two extreme cases are
applicable only when the power of the irradiation pulses
is within the range justifying the corresponding assump-
tions. The solution for the strong saturation pulse case
starts from a maximal PTR value (kWS/r1W) at x1 = 0
and decreases with increasing RF power. However, at
weak RF power, the saturation transfer effects should
be negligible and thus the PTR has to be minimal. This
deviation is due to the inappropriate assumption of the
complete saturation of magnetizations perpendicular to
their corresponding effective fields regardless of the RF
irradiation power, which is used to derive Eqs. (11)–
(13). On the other hand, there are no spillover effects
for the weak RF pulse case, and its solution can describe
the PT process well. As the RF power increases, the sol-
ute pool experiences more saturation, and the PT effi-
ciency increases from zero to a maximum. It is
important to note that the solutions for these two ex-
treme cases have the same maximal PTR. Thus, the
product of these two solutions normalized by the maxi-
mal PTR is able to predict the correct PTR for the two
extreme cases of weak and strong irradiation field:

PTR ¼ a
R1WrZS cos2hþ R1SkWS cos hcos2ðh=2Þ

rZWrZS � kWSkSW cos2ðh=2Þ

�

� R1Wr2S cos2h

rZWr2S � kWSkSW sin2h

�
; ð21Þ

which can be further demonstrated to provide an empir-
ical analytical description for arbitrary RF pulses (see
Fig. 2). It can be shown that PTR increases with RF
pulse power initially because of the more effective mag-
netization saturation, and it decreases with further in-
crease of the RF power when the spillover effects
become significant. Thus, there is an optimal RF power
at which the PTR is maximal under the influence of
competing saturation transfer and direct saturation pro-
cesses. By nulling the first order derivative of the unified
solution with respect to x1, the optimal RF power can
be obtained (see Appendix A):
1 ¼Dx
ffiffiffi
A

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ðfSþ fWÞ�bg2S

fSg2Sð1þ2�bþgSþ4gWÞþ fWð4þ4b2þg2Sð5þg2Sþ8gWÞ�4bð2þg2Sþg2SgWÞÞ
� �Dx2

pq

s
�1

( )vuut ;

ð22Þ
x

where b ¼ kWSkSW
r1Wr1S

, �b ¼ 1� b, gW ¼ rW
r1W

, gS ¼ rS
r1S
, g2S ¼ r2S

r1S
,

rW = r2W � r1W, rS = r2S � r1S, g2S ¼ r2S
r1S
, fW ¼ R1W

r1W
, and

fS ¼ R1S

kSW
.

3 Materials and methods

Experiments were carried out on a 4.7 T Bruker Bio-
spec Imager at the room temperature of approximately
25 �C. Two hundred milligram poly-L-lysine (PLL, MW
>300 kDa) containing a high concentration of exchange-
able amide protons was purchased from Sigma–Aldrich
(St. Louis, MO) and added to 20 ml PBS buffer. The pH
was adjusted to 7.4. The solution was then transferred
into an NMR tube of 20 mm ID and sealed with a plastic
plug and cap. The NMR tube was positioned coaxially
within a 70 mm ID volume coil. The MRI measurements
utilized a long irradiation pulse followed by a single-shot
echo planar imaging (EPI) readout. The duration of the
continuous saturation pulse was 15 s with a repetition
time (TR) of 30 s. All images had a field of view (FOV)
of 32 mm · 32 mm and a matrix size of 64 · 64. The slice
thickness was 5 mm. The power levels were varied from
0.125 to 6.25 lT.

Modeling and data processing were conducted using a
self-writtenMatlab code on aDell Precision 450Desktop.
The extended Bloch equations (Eqs. (1)–(6)) were solved
using an ordinary differential equation (ODE) solver of
Matlab and the scalar relative error tolerance for all sim-
ulated magnetization components was 10�6. The irradia-
tion pulse duration was set to be 15 s and the spins were
assumed at the equilibrium state initially. The model
parameters used were T1W = 3 s, T2W = 2 s, T1S =
0.77 s, T2S = 33 ms, kSW = 200 Hz, and MW

0 =M
S
0 ¼

2000. The experimental PTR as a function of RF power
was fitted according to Eq. (21). We used T1W = 3 s and
T2W = 2 s, which were estimated based on the measure-
ments from PBS buffer. We assumed T1S = 0.77 s and
T2S = 33 ms [29], which have relatively small effects on
PTR. The pool ratio was approximately 2300 for our
PLL phantom. The only remaining unknown parameter
is the exchange rate, kSW, which can be obtained by fitting
the experimental results using Eq. (21).
4 Results and discussion

Fig. 1 shows the z-spectra and corresponding MT
asymmetry (or PT) spectra using numerical simulations



Fig. 1. Simulated z-spectra (middle) and MTR asymmetry spectra
(bottom-left) at 4.7 T for several irradiation powers for a two-pool
exchange model using a set of six coupled Bloch equations. The model
parameters used are T1W = 3 s, T2W = 2 s, T1S = 0.77 s, T2S = 33 ms,
kSW = 200 Hz, and MW

0 =M
S
0 ¼ 2000. The dotted, dash-dotted, dashed,

and solid lines correspond to the cases of irradiation pulse powers of
0.5, 1, 3, and 7 lT (1 lT = 42.6 Hz), respectively.

Fig. 2. Calculated PTR at 4.7 T from the two-pool Bloch equations as
a function of RF irradiation power. Numerical results (solid) based on
a set of six coupled Bloch equations and analytical solutions for the
strong saturation pulse approximation (dotted), weak saturation pulse
approximation (dash-dotted), and the empirical general case (dashed).
(A) Comparison of the four different solutions. The model parameters
are the same as used in Fig. 1. (B) Influence of the exchange rates on
the PT efficiency. (C) Effect of the pool ratio on the optimal saturation
power.
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of the set of six coupled Bloch equations. When the irra-
diation power is low (�0.5 lT, 1 lT = 42.6 Hz), the sat-
uration efficiency for the solute resonance is limited, and
the water signal reduction is small. The PT efficiency in-
creases gradually with the applied RF power (1–3 lT),
as reflected by increased PTR at the exchangeable solute
proton frequency. The PTR increases and reaches its
maximal value at an optimal RF power. From this
point on, any further power increase will introduce
additional spillover effects, thus reducing PTR.
Fig. 2A shows the theoretical plot of PTR as a function
of irradiation power, in which the analytical solutions
and numerical simulations are compared. The strong
saturation pulse approximation and weak saturation
pulse approximation, respectively, conform to the
numerically simulated PTR curve based on the set of
six coupled Bloch equations only when the RF power
is within their assumptive regimes. Our theory well pre-
dicts the PTR across a wide range of irradiation powers
and, for the chosen case, an optimal irradiation power
of 2.49 lT to maximize the PTR. Fig. 2B shows the
PTR plots calculated for several different exchange
rates. Because faster PT processes can better compete
with the spillover effects, the optimal RF power in-
creases with exchange rates. It is important to note that
the optimal irradiation power shows a negligible depen-
dence on the pool ratio (despite changed PTR, see Fig.
2C) and the T2S value (too close to show). When the
pool ratio changes from 1500, 2000 to 3000 (kWS chan-
ged according to the detailed balance equation), the
optimal power changes from 2.42, 2.49 to 2.55 lT.
When the T2S varies from 20, 33 to 50 ms, the optimal
power changes from 2.55, 2.49, and 2.45 lT.
Fig. 3 shows the z-spectra and corresponding PT
spectra acquired on the PLL solution at 4.7 T. In agree-
ment with the theoretical results, the saturation transfer



Fig. 3. Measured z-spectra (middle) and MTR asymmetry spectra
(bottom-left) of a PLL phantom at 4.7 T (1%w/w, pH 7.4, 25 �C). TR
was 30 s and the RF irradiation pulse duration was 15 s. The powers
used were 0.5 lT (dotted), 1 lT (dash-dotted), 3 lT (dashed), and
6.25 lT (solid). At high-RF irradiation power, the peak of the
asymmetry spectra decreases, indicating a lowered PTR.
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effect increases initially with the power of irradiation
pulses, but decreases at higher power levels. The plot
of measured PTR as a function of irradiation power is
shown in Fig. 4, showing an optimal saturation power
of approximately 2.5 lT, which is close to 2.43 lT calcu-
lated by Eq. (22). The fitted exchange rate using Eq. (21)
was 197 Hz, which is reasonable within experimental er-
rors for our experimental conditions (25 �C and pH 7.4).
These experimental data clearly indicate that the unified
PTR formula can successfully simulate the PT process
across the full range of RF irradiation powers and pre-
dict the existence of an optimal saturation power conse-
quential to the competing effects of saturation transfer
and spillover effects.
Fig. 4. Measured PTR (solid circle) for the PLL solution as a function
of RF irradiation power. The dashed line is the fitted result using Eq.
(21). The PTR increases and approaches a maximum at an irradiation
power of 2.5 lT, which is close to 2.43 lT predicted by Eq. (22).
The RF power dependence for the PT process was
modeled using the Bloch equations extended with ex-
change terms. An empirical PTR solution for arbitrary
RF irradiation power and the optimal power to obtain
the maximal PTR were derived for a two-pool system of
the exchangeable solute protons and water protons. We
should note that the Taylor expansion up to the second
order of the effective tilting angles was used in our deriva-
tion of the optimal power (see Appendix A). Thus, the
solutionmay not be accurate to predict the optimal power
where the tilting angles are significant (e.g., small chemi-
cal shift difference between the exchangeable solute pro-
tons and water protons, low-magnetic field system, and/
or very high-RF power). In addition, the increased spill-
over effects lead to a wider PT spectrum, in particular,
when the irradiation power is beyond the optimal power
level. If there are multiple pools of exchangeable solute
protons in the system, such a long tail in the PT spectra
may introduce an additional RF saturation power depen-
dence to other solute protons. The Bloch equations for
multiple pools are required to account for these effects.
5 Conclusions

In this study, an empirical analytical solution for
assessing the PT process across a complete range of RF
powers is derived by combing the analytical solutions
for the strong and weak saturation pulse cases. In addi-
tion, an optimal RF power is derived for the maximal
PT efficiency when both PT and direct saturation effects
are present.
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Appendix A

Because the optimal power is usually smaller than the
chemical shift difference between the solute and water
protons and the effective field is only slightly perturbed
from the z-axis, we have the trigonometric expansions:
cos2h = 1 � h2 and sin2h = h2. Using these approxima-
tions, rZW and rZS can be simplified as:

rZW ¼ r1W cos2hþ r2W sin2h

� r1Wð1� h2Þ þ r2Wh
2 ¼ r1W þ Aðr2W � r1WÞ

¼ r þ Ar ; ðA:1Þ
1W W
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rZS ¼ r1S cos2ðh=2Þ þ r2S sin
2ðh=2Þ � r1S 1� h2

4

� �
þ r2S

h2

4

¼ r1S þ
A
4
ðr2S � r1SÞ ¼ r1S þ

A
4
rS; ðA:2Þ

where A = h2, rW = r2W � r1W, and rS = r2S � r1S. Thus,
one has:

PTR ¼ a
R1W r1S þ A

4
rS

� 	
ð1� AÞ þ R1SkWS 1� A

2

� 	
1� A

4

� 	
ðr1W þ ArWÞ r1S þ A

4
rS

� 	
� kWSkSW 1� A

4

� 	
"

� R1Wr2Sð1� AÞ
r1W þ ArWð Þr2S � kWSkSWA

#
: ðA:3Þ

When neglecting the second-order terms of A, we
obtain:

PTR¼ a
ðfWþbfSÞþ fWgS�3bfS�4fW

4

� 	
A

ð1�bÞþ gSþ4gWþb
4

� 	
A

þ �fWþ fWA

1þ gW� b
g2S


 �
A

2
4

3
5

¼a
B1þB2A
B3þB4A

þC1þC2A
C3þC4A

� �
; ðA:4Þ

where b ¼ kWSkSW
r1Wr1S

, gW ¼ rW
r1W

, gS ¼ rS
r1S
, g2S ¼ r2S

r1S
, fW ¼ R1W

r1W
,

fS ¼ R1S

kSW
, B1 = fW + bfS, B2 ¼ fWgS�3bfS�4fW

4
, B3 = 1 � b,

B4 ¼ gSþ4gWþb
4

, C1 = �fW, C2 = fW, C3 = 1, and

C4 ¼ gW � b
g2S
.

The unified PTR can be further expanded to be:

PTR¼ a
B1

B3

1þ B2

B1

�B4

B3

� �
A

� �
þC1

C3

1þ C2

C1

�C4

C3

� �
A

� �� 

¼ x2
1

pqþx2
1

B1

B3

þC1

C3

þ B1

B3

B2

B1

�B4

B3

� ���

þC1

C3

C2

C1

�C4

C3

� ��
A


¼Dx2 A
vþA

ðD1þD2AÞ; ðA:5Þ

where v ¼ pq
Dx2, D1 ¼ B1

B3
þ C1

C3
, and D2 ¼ B1

B3

B2

B1
� B4

B3


 �
þ

C1

C3

C2

C1
� C4

C3


 �
. By solving oðPTRÞ

oA ¼ 0, the optimal RF power

can be written as:

x1 ¼ Dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � D1

D2

v

r
� v

s
: ðA:6Þ
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